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GAUSS SUMS, STICKELBERGER’S THEOREM, AND THE 
GRAS CONJECTURE FOR RAY CLASS GROUPS 

TIMOTHY ALL 


Abstract. Let fc be a real abelian number field and p an odd prime 
not dividing [fc : Q]. For a natural number d, let Ed denote the group of 
units of fc congruent to 1 modulo d, Cd the subgroup of d-circular units 
of Ed, and Cd the ray class group of modulus d. Let q be an irreducible 
character of G = Gal(fc/Q) over Qp and Cg € Zp[G] the corresponding 
idempotent. We show that \egSj\p{Ed/Cd)\ = [e^ Sylp(£d)|. This is 
a ray class version of the Gras conjecture. In the case when p j [fc : 
Qj, similar but slightly less precise results are obtained. In particular, 
beginning with what could be considered a Gauss sum for real fields, we 
construct explicit Galois annihilators of Sylp(Co) akin to the classical 
Stickelberger Theorem. 


1. Introduction 

Let k denote a real abelian number field with Galois group G. Let 0 ^ = 0 
denote the ring of integers of /c. Fix d G N and let denote the units of o 
that are congruent to 1 modulo d. When d = 1 we typically omit subscripts. 
Let d denote the square-free part of d, and for every n € N we let Cn stand 
for a primitive n-th root of unity. For every n > 1 satisfying n f d let 
k"' = Q(Cn) n k and 

Sn,d 

t\d 

where denotes the Mobius function. Let D{d) denote the G-module 
generated by the 5n,d for all n f d in A:^. We let 

C(d) = EnD{d) 

Cd = EdnD{d). 

We call the modules D{d), C{d), and Cd the d-cyclotomic numbers, units, 
and units congruent to 1 modulo d, respectively. These modules were origi¬ 
nally introduced by Sinnott [S] (for d = 1) and by Schmidt [SchO, Sch] (for 
d> 1). 

For an ideal a C o, let Gl(o) denote the ray class group of k of mod¬ 
ulus a, and let A: (a) denote the corresponding ray class field of k so that 
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Gal(/c(o)//c) ~ £(a) via the Artin map. Let = A;(o) n the maxi¬ 
mal sub-extension of k{a)/k abelian over Q, and let Co < (Ji(o) such that 
~ Gal(A:(o)/A:ci). In the case when p\[k : Q], note that 

Sylp(Cio) = (1 - ei) Syip(e:(a)), 

where ei € ^[G] is the idempotent associate to the trivial character. The 
following theorem was proven by Sinnott [S] for d = 1, and by Schmidt 
[Sch] using similar methods. 

Theorem 1.1. Ifp\2 - |G|, then \&y\{Ed/Cd)\ = |Sylp((j:d)|• 

One of the aims of this article is to prove a Galois-equivariant version 
of the theorem above. To be precise, let X be the Gal(Qp(C|G|)/Qp)"Orbit 
of a non-trivial character y of G and define q = V'- Let eg be the 

Zp-valued idempotent 

' ' (tGG 

For a Zp[G]-module M, we let Mg denote the sub-module CgM. One of our 
main results is the following 

Theorem 1.2. Ifp\2- |G|, then 

\Sy\g{Ed/Cd)g\ = \Sy\^{U)g\. 

Theorem 1.2 is a ray class version of the Gras Conjecture (the statement of 
the claim when d = 1). Greenberg [RG] observed that the Gras Conjecture 
followed from the Main Conjecture of Iwasawa Theory which was later on 
proven by Mazur-Wiles [MW]. In the case when p possibly divides the order 
of G, we prove a result akin to Rubin’s [R] which itself was a generalization 
of a theorem of Thaine [Th] . Our method of proof follows along those same 
lines. In particular, we define a subgroup C(a) of E which we call the a- 
special numbers. These are akin to Rubin’s special numbers [R], and we 
show that C{d) C C(a) for an appropriate choice of d. We then show 

Theorem 1.3. Let a : E ^ G[G] be any G-module map where O is the 
valuation ring of any finite extension of Qp, and let do G C{a). Then a(do) 
annihilates Co O. 

As stated, our method of proof originates in the work of Thaine and 
Rubin. Thaine noticed that cyclotomic units could be used to generate 
elements a that act like real analogues of Gauss sums much like roots of 
unity are used to generate classical Gauss sums. To generate a, Thaine 
relied on an invocation of Hilbert’s Theorem 90. A key feature here is 
that we give a explicitly. This affords finer control over the ideal relations 
revealed by the factorization of a thus paving the way towards annihilation 
results concerning ray classes. In particular we obtain the following ray class 
version of a conjecture of D. Solomon [Sol]. 



REAL RAY CLASSES 


3 


Theorem 1.4. Let O denote the valuation ring of ap-adic completion ofk, 
and let IT € O be a local parameter. Let e{p) denote the ramification index 
of p in k and p> its p-part. For every (5a G C(o) we have that 

(tGG 

annihilates Ca O. 


2. Preliminaries 

In this section, we collect some results that will be useful in the sequel 
concerning the structure of relevant G-modules contained in k. Until further 
notice, we consider p to be an odd prime not dividing n := [/c : Q]. Let 

fC = a local field containing the character values of G 
O = the valuation integers of /C 
F = the residue field of O. 

Fp = the finite field with p-elements. 

For any finite set X, we use |X| to denote the number of elements in X. We 
write G for Homz(G, Zp[^„]). For every x ^ G, we let 

(jGG 

the idempotent associate to y. We may naturally view G F[G]. 

Throughout we use (8i as an abbreviation for (g)^. For a Z[G]-module 
M and commutative ring R, we make M 0 R into an i?[G]-module in the 
obvious way. The following proposition generalizes [A]. 

Proposition 2.1. Let M C k be a free 7,-module of finite rank such that 
a{M) = M for all a € G. For subfields F <Z k, let Mp = M (IF. For every 
F C k, suppose that 

Mp (g) Fp <-A M (g) Fp. 

If there exists m & M such that [M : < oo, then M (g) Fp is a cyclic 

¥p[G]-module. 

Proof. Suppose k is cyclic with a generating G. Let m ^ M such that the 
index [M : {m)x[G]] is finite. Let r = rank^M and let p ; G —)■ GL(r, Z) 
be the representation induced by the action of G on a fixed Z-basis, say 
{mi, 7712, • • • ,rnr}, for M. Let and hp(o-) be the minimal and charac¬ 

teristic polynomials for p((t), respectively. Since (ii) holds, it follows that 
r < n and 

hp{a){x) = mp^„){x) \x'^ -1. 

Now, let q{x) : G —GL(r, Fp) be the representation induced by the action 
of G on the Fp-basis {mi mod pM, ..., m^ mod pM}. Note that 

hpG) (a;) = ^e(<7) {x) mod p. 
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Since p f n, it follows that factors into a product of distinct irreducibles 
modulo p. So M/pM ~ M (g) Fp is a cyclic Fp[G]-module. 

Now suppose k is not necessarily cyclic. Let y G G, and let F be the fixed 
field of kery. Then x is a non-trivial character of H = G/ker x, the Galois 
group of the cyclic extension F/Q. Since (i) holds, we have that 

Mf ( 8 )F --A M( 8 )F. 


Let e* denote the idempotent associate to x £ Homz(G/ker x, Qp(Cn)), i-e., 


e 


* 

X 


1 

|G/kerx| 


ctGGI kerx 


Note that 

^ _ 'S(kerx) 

|kerx| 

where s(ker x) denotes the sum of the elements of ker x- Note that 


6^(771 (g) 1) = e*(iv|'(m) (g) (#kerx) ^)- 


Since p \ n, the norm map Np :M(g)F—>'Mi7’(g)Fis surjective. It follows 
that 

e^{M 0¥) = e*^{MF (^¥). 

We know that Mp (g F is cyclic since Mp (g Fp is cyclic. Let gp G Mp (g F 
such that (5 'f)f[g] = <g IF- Then 

e*^{Mp (g F) = {e*^g^p : 9 G F[G]} = 

Hence 


dimp e^{M (g F) = dimp e^{MF (g F) 


1 if e’^gp / 0 
0 if e^gp = 0 . 


For every X ^ G such that e^(M (g F) 7 ^ 0, let be a generator for the 1- 
dimensional space e^{M (gF). Then summing over all x such that e^(M(gF) 
is non-trivial we obtain 

9 = ^ 9x ■> 

a generator for M (g F. Hence 


M (g F ~ IF[G] Iy! 

where the sum in the quotient is over all x such that (g F) is trivial. 

Fix a character x, and let X = {x® : g G Gal(F/Fp)}. Let 


ex — ^ G Fp[G]. 

XGY 


Note that 

dimpp ex{M (g Fp) = dimp^ exiMp (g Fp), 
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where F is the field belonging to x and e*^ is defined in analogy with e*. 
Regarding Mp as an Fp[x]-module where x acts like a generator for 
Gal(F/Q), we have that 

Mp (g) Fp ~ j 

where the direct sum is taken over a finite set of distinct irreducibles each 
of which is a divisor of — 1. Since Gal(F/Fp) permutes the roots of 

each factor q{x), it follows that either e*x{Mp (g ¥p) is trivial or that it 
corresponds with one of the irreducible subspaces Fp[X]/(7(x). Hence 


dimpp ex{M g) Fp) 


0 if ey^{M (g F) = 0 
|X| if e^(M(gF) ^ 0. 


It follows that Yl' ^ and we obtain the following isomorphism of 

Fp[G]-modules: 


X [F:Fp] 

(M g Fp) © • • • © (M g Fp) ~ ]Fp[G] j yY 


©•••© • 

X [F:Fp] 


Since M g Fp and Fp[G]/^^e^ are finite Fp[G] -modules, they both decom¬ 
pose uniquely (up to isomorphism) into a direct sum of indecomposable 
modules. Combining this fact with the isomorphism above, it must be that 

MgFp ~ • 

This completes the proof of the proposition. □ 


Lemma 2.2. Let M he a Z[G]-module. Then MgF is a cyclie F[G]-modu/e 
if and only if M ® O is a cyclie 0[G]-module. 

Proof. For m G M g 0, we have the exact sequence 

(™')c>[G] go F (M g 0) go F ^("®O/{,„))®oF^0, 

Since F is the residue field of 0, we obtain the chain of equivalences 

Mg 0 = {m)o[G] ^ j {rn)o[G^ go F = 0 

(m)o[G] ^ (-^ ® C>) ®o IF 

(M g 0) go F ~ M g F is cyclic. 

This completes the proof of the lemma. □ 

Corollary 2.3. The modules E d^Xp and o g Zp are cyclie 'Lp[G]-modules. 
In fact 

Fi g Zp ~ ^p[G']^s((7) and ogZp~Zp[0]. 
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Proof. Let -F be a subfield of k, then Ep is the set of units of F and Oi;’ is 
the ring of integers of F. Since k is real and Galois, it follows that 

Ep ^ E ® Fp. 

Similarly, we have that 

Of (g) Fp = op/p^ o/p = 0 G Fp. 

The claim now follows from Proposition 2.1 and Lemma 2.2. □ 

Remark 2.4. The Hilbert-Speiser theorem states that o ~ ^[G] whenever k 
is tamely ramified at all finite primes. The latter half of Corollary 2.3 is a 
sort of “up-to-multiples-of-p'^” version of this theorem. 

For a prime £, we adopt the following notation to be used throughout. 

cj£ = a Frobenius automorphism in G for i, 

I( = the inertia subgroup in G of £, 
s^Ig) = the sum in Z[G] of those automorphisms in J^, 

s{h) 


G = 


\h 


Corollary 2.5. Suppose i p is a rational prime and £ the product of 
primes of o over I. Let f = (o/l : TLjitf) where i is a prime above i, and let 
p" he the largest power of p dividing — 1. Then 

(o/£e)x®Zp~ ^plG]/(^p^j-ag^l-ee) ■ 

In the case when i = p, we have 

(o/^e) (g) Zp ~ . 

Proof. Suppose i ^ p. Then 

r 

( 0/£e)X 0 Zp ^ (0/£)X 0 Zp n ( ^ (g Zp, 

i=l 

where the b are the primes of o over £. Let u £ such that u mod li is a 
generator for the group (o/b)^ and u = 1 mod b for alH = 2,3,..., r. We 
have 

(o/£)X (gZp = {{u mod £) (g) l)zp[G]- 
Consider the surjective map 

<p : Tjp[G] —> (*^/£) (g) Zp 

9 i-A ((u mod £) (g) l)^. 

Clearly, {p'^,i — a£,l — e^) C ker (^. The claim will now follow from the fact 
that the finite ring Zp[G] modulo the ideal (p^, b — ae,l — ei) has the correct 



REAL RAY CLASSES 


7 


order. To compute this order, we extend scalars to O and decompose into 
X-components. Note that 


ex(l - ee) 


e^, le^keix 
0 , leCkeix- 


What’s more, — xicre)) = £ — x{^e) (p-adically, of course) since is 

the p-part of H > the product taken over those characters giving 

distinct values for xi^e)- It follows that 


dxiP^A- ere, 1 - e^) = 


O-e^, le^keix 

- xio-e)) ■ ex, hckeix- 


So 


fT£, 1 - e^) - n “ X{ere)\p , 


xgS 

where Q = Gjln. Let Qi = Gijli where Gi is the decomposition group for 
and let X = {x G t? : C kerx}- Since the order of ai G is /, it follows 

that 

X\{^-X{ere))= n (^ - x(o-£)) 

xeG x&Q/x 

=n(^-c/)'' 

a=0 

= {£^-iy. 


This proves the claim in the i ^ p case. 

Now, suppose i = p. For each prime pi of o dividing p, let Uij = {x G o : 
X = 1 mod pi}. Then we have 


( 0/p= ) " ® Z, n(°/P."" ) T z, c:; n V U,.e.., . 

i=l i=l 

where tp is the ramification index of p. We have a Zp[Gp]-isomorphism 

X i-A- logp(x) mod p} 

Since p is tamely ramified in k, the above map makes sense. So we have 


r 

i=l 

as Zp[Gp]-modules where fp is the product of primes of o over p. By Corol¬ 
lary 2.3, we have that (o/p®)^ C Zp is cyclic. Consider the module 


Pi 
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Since 

0/p^ ~ , 

it follows that 

P*/ - ^v\Gv\ / (p, ep) ^ P*/pf - ^v\Gv\ / • ep) • 
Whence 

(o/pfi) (8) Zp ~ ^p[G*]^(pe^pe-l . gp) . 

□ 


3. The Ray Class Gras Conjecture 

To prove Theorem 1.1, Sinnott and then Schmidt embedded the units 
into M[G] via a logarithmic map I defined by 

I :k^ M[G] 

X !-)• — log \x^\a~^. 

^ aGG 

The index [Ed : Cj] = [liEd) ■ l{Cd)] is then dissected using various linear 
transformations. For example, we get 

[Ed : Cd] = (liEd) : M[G]to=o)(M[G]tr=o : l{Cd)) 

where 

{l{Ed):R[G]tr=o) := |detr| 

and T is any linear transformation such that T{l{Ed)) = M[G]tr=o- The 
second index is similarly defined. For the proof of Theorem 1.2, our method 
will be highly analogous to those previously employed. The key differences 
will be that we replace M[G] with 1C[G\ and the map I with the map i? : 
^ K, defined by 

X hA ^ logp(x'^)o-"\ 
o-eG 

where /C is the extension of the topological closure oi k ^ Qp^® containing 
all the character values of G and logp is the Iwasawa logarithm. 

Note that logp(A:^) C O since p is tamely ramified in 1C. For a character 
y 7 ^ 1 with conductor /, let Lp(0,x) denote the special value 

/ 

Tp(0, X) = Y^ logp (1 - Cf)x{a). 

a=l 

Up = ^Lp(0,x)e^ G IC[G]. 


Let 
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We write Dd = D{d) (1 {a G : a = 1 mod d}, and we define the following 
0 [G]-modules: 

To = ^{E) ■ 0[G] Td,o = ^{Ed) • 0[G] 

S{d) = i}{D{d)) ■ 0[G] So{d) = i^{C{d)) ■ 0[G] 

Sd = ^{Dd) • 0[G] Sd,o = i^{Gd) • 0[G] 

M{d) = ■ Sn,d G D{d)} • 0[G] Md = {e- € Dd, 9 G Z[G]} • 0[G]. 

We write Mo((i) for (1 — ei)M{d), i.e., the trace zero subspace of M{d) and 
i?o for the trace zero subspace of 0\G]. Let m be the conductor of k, and 
let d' = {d,m). The idea is to analyze the following sequence of maps 

Tdfi —^ To —7> Sd'fl Sdfl- 

This will be profitable since 

^d/Cd Ed® ^ ~ j . 

First, we need the following p-adic formulation of [S]. 

Proposition 3.1 (Sinnott). Fix x 7 ^ 1 and let f be the conductor of x- 
Write k^ for Q(C/) H k, Gf for Gal{k/kf). Then 

(3.1) (1 - ei) • T? - C/)) = cu; • s{Gf) • J] (l - ' ee) G 0[G]. 

d/ 

Proof. Let L and R denote the respective left and right hand sides of Equa¬ 
tion (3.1). For any 'tp G G, let L^, R.,p G O such that 

e^L = and e^i? = 


It suffices to show that R^ = for every ip G G. For brevity, let 5f = 
1V,^/^^(1-C/). Since 

t}{5f) = s{Gf)- logp('5/)^-'> 

(j&GIGf 

it’s easy to see that = 0 if V' is either the trivial character or is a 

non-trivial character on Gj. 

Now, suppose V' 7 ^ 1 is trivial on Gj. Note that 

R^ = L'^{t),P;)-\Gf\-W{l-m) 


e^-L = e^-^{5f) = \Gf\- ^ logp((5J)V'(cj) • e^, 

<T&GIGf 


so 

/ _ 

L^ = |G^|- ^ logp(l-C;)V'(a). 

a=l 

(«./)=! 
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Write for the conductor of il). Since Gf < keri/’, it follows that | /. 
With f^t = /, we get 

Ut f^t 

^ logp(l - C/)V’(a) = ^ logp(l - C/)V'(a) • 

(«J)=i 

U 

= - C%)^{a) ■ ]J(1 - '0(£)) 

a=l t\f 

= L;(o,V')-n(i-^W)- 

«l/ 

So and this completes the proof of the proposition. □ 

From Corollary 2.3, it follows that FI (g) O ~ Rq. Fix eq ^ E such that 
eo <8* 1 generates E ® O. Then E ® O = {eq ® 1)c>[g]- Let p = ^{eq) so 
that Tq = p ■ Rq, and write p = X]x^iFx®x- Lor any a G /C[G], we define 
G /C[G] to be the element such that 

a ■ a~^ = Cjj.. 

Corollary 3.2. For every y 7 ^ 1, let denote the eonductor of y and 5^ 
the cyclotomie number — Cf^)- Let 

x^i 

T/ien 5o = yi^o o-nd So = ^p~^Tq. In partieular, we have the following 
isomorphism of O-modules: 

e^{E(^0/c^0) - ^/(r-iL;(0,y)) • 

Proof. Using notation from §1, we have 'i?(C') is the kernel in of mul¬ 

tiplication by s{G). It follows that 

(l-ei)5 = 5o 

Now, let TT G O be a generator of the prime ideal of O. Since 7 = (1 — 61 ) 7 , 
we apply Proposition 3.1 to obtain 

ex • = {Px^ • IG'/J • L'p{0, y))e^. 

Since \Gf^ \ is a p-adic unit, it follows that 

(3.2) /^x^L|,(0, y) G {p~^So) . 

Since 
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Equation (3.2) and Theorem 1.1 give us that 

\^®0\ = \E®^/c®o\ < n 1 ^/(Px^ip(0,x)) 

Note that 

= det(a i-A pa) = Reg^ 

where Reg^ differs from Regp, the Leopoldt regulator of /c, by a unit of Zp. 
Using the p-adic class number formula 

i^i=R^nh(»-x) 

x^l 

we get that 

\^®^/c®0\ < n 1^/ {px^L'p{Q,x))\ = \^®^/c®0\- 

X7^1 

It follows that 

ex i^o/p-iso) = ex . 

So /9“^7iio = P~^So and the corollary follows. □ 

For any proper divisor t \ f, let ajit) G 0[G] be defined by 

af{t) := [Q(C/) : A:^Q(C//t)] ' s{Gf) • ' 

i\f/t 

Then Proposition 3.1 reads (1 — ei)'d{5f ) = Up ■ a/(l). Let an,d G C1[G] be 
defined by 

cl \ , . (d, n) . , 

'■= = ■ l^'d/(d^n) ■ ■ : ■ «n(u 


t\(d^n) 


t 


where d is the product of distinct prime divisors of d and 


(£ - cTf • ee). 
e\t 

Using the above notation we obtain another corollary of Proposition 3.1. 
Corollary 3.3. If n > 1 and n\ d, then (1 — ei)'d{Sn,d) = uip • a^^d- 
Proof. For n > 1 and n\ d, it’s straightforward to verify that 


^n,d — 


^Wd)->^l/(d,u) 

n,{d,n) 


The corollary now follows easily from Proposition 3.1. 
Lemma 3.4. Sapo = (1 “ = u'p ■ MQ{d'). 


□ 
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Proof. Suppose 5 G Cd'- Then 

s(G) = 0. 

So S'rf ',0 ^ (1 “ si)Sd'. The reverse containment follows from the fact that 
dn (using notation from Proposition 3.1 is a non-unit only when n is a prime 
power, in which case, we have is a unit for any a G G. 

Let n > 1 and 6 G Z[G] be such that 5^^, G Dd'. By Corollary 3.3 we 
have 

(1 - ei)i?((5^ ,^0 = ujp ■ 9an,d' G uipMd'. 

If Mo{d') and Md' are generated as Z[G]-modules, then Md' is a Z[G]- 
submodule of MQ{d') of index co-prime to p by [Sch]. In our case, this 
means that MQ{d') = Md'. □ 


For a prime we let x(^) denote the quantity 


x{<yf) 

\h\ 


tGIi 


Lemma 3.5. Let p G 0[G] he defined by 

= := n • 

Xt^I i\d' 

Then MQ{d') = p ■ Rq. 

Proof. The idea is to compute the x-part of ctnp', the generators for M{d'), 
for X 7^ 1- Note that M{d') is generated by those an,d' where n = y ■ rur 
with 

mr = 

£|r 

gcd(r, d') = I, r I m, and y \ md' [Sch]. Of these, we have that 

_ / x{aymr,d')'^X’ fx I y^r, y = n-{y, f^), n = n, (n, f^) = 1 
X ymr,d otherwise 

where 

x{oiymr,d') = ^X{n)[k : F™"] • ]J(1 - x{£)) • 

i\r l\d' jy ^\y 

by [Sch]. The above quantity will have the smallest p-adic valuation precisely 
when we choose y = (/^, md') and r = (/^, y), in which case we get 

x{oiymr,d') = ^x{n)[k : - x(^)), 

^\d' 


and the claim follows. 


□ 
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Again from Corollary 2.3, it follows that Ed® O Rq. Fix G Ed such 
that Cd® 1 generates Ed ® O. Then Ed® O = {cd® 1)o[g]- Let v 0[G] 
such that (eo ® 1)^ = (8i 1 so that {E ® = Ed® O. Per usual, we write 

Theorem 3.6. Let Q € 0[G] be defined by 

e = v-^ -p-^ -fi-u’p-^-K^/d'- 

Then Sd,o = © • Ld,o- 


Proof. The sequence Tdp —)■ Tq —)■ i?o ‘S'd'.o •S'd.o is made explicit with 
the help of the preceding lemmas; 


Td,o Mo{d') % Sdpo 


i.K- 

d ^d/d' 


> Sdfi- 


The last arrow follows from [Sch], 


□ 


We may now give the 


Proof of Theorem 1.2. Let © =: ®x^x Le as in Theorem 3.6. We let 

A be the Gal(Qp(C|G|)/Qp)-orbit of x 7 ^ 1- Let g = Then 

\Sylp{Ed/Gd),\ =p n ®x> 

XGY 

where a =p b means that a and b differ by a p-adic unit. On the other hand, 
by Lemma 3.5 we have 

®x = -Px^ 'll a(^)) • Lp(0, X) • = • n “ t(^)) 

i\d/d' 

= p-^L'p{0,x)-iYl{i-x{^)) -Vx^- 

e\d 

By Corollary 3.2, we have 

\Sylp{E/G),\ =p n Px't;(0,x). 

XGY 


Greenberg [RG] showed that the quantity on the left is equal to | Sylp(ei)p| 
assuming the Main Conjecture of Iwasawa Theory. That conjecture was 
proven by Mazur and Wiles in [MW]. By Corollary 2.5, we have 




xe^ (.\d 


\Sylp{E/Ed),\ =p n ^x- 

XGY 


And finally, 
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Putting everything together, we get 

Sylp(S/C'),|-|Sylp((o/rf)X) 


SyWd)t,\ = 


\SYlj,iE/Ed),\ 

=p n Px x) ■ {d/d) n (^ - x{^)) ■ Vx^ 

xex i\d 

=p \Sylp{Ed/Cd),\ . 

This completes the proof of the theorem. 


□ 


4. Gauss Sums and Stickelberger’s Theorem for Ray Class 

Groups 


The results in this section are applicable to situations when p \ [/c : Q]. 
The main goal is to prove Theorem 1.3, a ray class version of a theorem of 
Rubin which itself generalized a theorem of Thaine. 

The following lemma will act as an explicit version of Hilbert’s Theorem 
90 for our purposes. 


Lemma 4.1. Let i be a rational prime completely split in k. For any e G 
that = 1, we have that the element 


a:=-Ci-CIe - Q 


-■2gl+r+-+P-3 


is non-zero for some choice ofQ, moreover, '^ = e where (r) = Gsl{k{Q()/k). 


Proof. Let a{x) € C(x) be the rational function defined by 

^e-2 


X — 


Ce 


Q 


1-xQ 1 - xC 




c; 


^l+rH- 


1 - xcr 

Since a{x) has distinct poles, it follows that a{x) is not identically zero. On 
the other hand, we may view a{x) G C[[x]] and write 

OO 

a{x) = £ ( - Ct' - - 

a=0 


Note that the power series form of a{x) has periodic coefficients of the form 
of the claim. Since a{x) is not identically zero, we get that a 7 ^ 0 for some 
choice of Q. In fact, a ^ 0 for at least two choices of Q for if otherwise, 
then a{x) has a pole at x = 1, a contradiction. This proves the first claim. 
Now, notice that 

ea" = -Qe - -Cf 

= -Qe-Q\^^^ - 

= a, 

since = id and 1 + r H-This proves the lemma. □ 



REAL RAY CLASSES 


15 


Fix an ideal o C o. For odd primes (. that are completely split in k, let 

E{i, a) := {e € = 1 and e = 1 mod o}. 

The following theorem is the ray class version of a theorem of Rubin [R] 
which itself was a generalization of a theorem of Thaine [Th]. 

Theorem 4.2. Let n G N and £ be an odd prime split completely in k such 
that £ = 1 mod n. Fix a prime X of k above £, and let A C (Z/nZ)[G] be 
the annihilator of the cokernel of the natural map 

<p : E{£,a) ^ '^InTL , 

where L is the product of all primes of above £. Then A annihilates 

the class of X in (Ji(o)/n£(a). 


Proof. Let 6 € A, and let u G such that 

u = mod E and u = l mod for all a ^ id, 

where E is the prime of above A and (s) = Z/£Z^. The element u has 
been chosen so that 


Now, = r/"e mod L for some rj G k{Q)^ coprime to £ and e G E{£, a). Let 
r be a generator for Gal{k{Q)/k) and 


«:=-0-CJe-Cr 


.-l+r 


—cr 


A+r-\ -hr- 


1-3 


By Lemma 4.1, we may assume a ^ 0. Since e G E{£, a) we have 

a = —Q — — ■ ■ ■ — ^ mod o 

= 1 mod 0 . 


Now, (a) is a non-zero ideal inert under the action imposed by Gal{k{Q)/k). 
It follows that 

(a) = b • n 

where 0 < < £ — 1 and b is an ideal of Ok- Taking norms of both sides of 

the above we get 

Since a = 1 mod o, we have that = 1 mod a. By assumption 

we have n \ {£ — 1), so '^aacr~^ mod nZ[G] annihilates the class of A in 
Ci(a)/nei(a). 

It remains to relate the coefficients a^ to 9. To that end, note that 
tto- = ord^,-i(Q;) = ord^<,-i(l - CeT"■ 
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Write a = f3{l — QY” where 13 \s a. ^-unit. Without loss of generality, 
let’s suppose t : Q ^ Q- The primes above £ are totally ramified in k{Q)/k. 
So r acts trivially on ly -units modulo . Hence 


e 


a 


/ 3(1 - 0 )'^- 

/?-(! - g)“- 


1 ^ 1-0 

Vi-g 


< 2(7 

mod 


= mod£^ 


This gives us that e = ^ mod \ so 

e = =ri~^u^ mod L. 

Hence ^ = 6 mod nZ[G]. □ 


Remark 4.3. If in Lemma 4.1 we take k = Q(Cm) and £ = 1 mod m with 
e = (m, then a is the classical Gauss sum. In this case, we have that 

where, similar to Theorem 4.2, we have Cm = ^ mod A'’" The depen¬ 

dence of the coefficients on £ is easy to tease out of this congruence, and 
we’re a hop, skip, and a jump away from the classical Stickelberger theorem. 
For the more general types of elements a in Lemma 4.1 and Theorem 4.2, the 
dependence of the Oo- on £ is more difficult to separate. Instead of reckoning 
with this obstacle, we step around it and show that any G-module map from 
E/EP" to Z/p"'Z[G] can be effectively filtered through ®'Llp^’L 

for certain well chosen primes £. This idea was first employed by Rubin in 
[R]. 


Theorem 4.2 inspires us to make the following definition. 


Definition 4.4. For an ideal a C o, let T’(a) denote the set of numbers 
6 £ k^ such that for all but finitely many primes £ split completely in k, we 
have that there is an e € Ek{£, a) such that for all a £ G, 

e = 5 mod 


where L C 0a:(o) ^ prime ideal such that L \ £. We call T>{a) the a-special 

numbers of k. Let 

C(a) := V{a)r\E. 

We call C(a) the a-special units of k. 

The 1-special numbers are, in fact, Rubin’s special numbers from [R]. It’s 
fair to ask if a-special units even exist. For an appropriate choice of d, the 
following theorem will show that Schmidt’s d-cyclotomic units are contained 
in the a-special units. So C(a) is a subgroup of finite index of E. 

Theorem 4.5. Let d{a) = d £ N be the minimal integer such that a | d. If 
S £ D[d), then id G T’(a), i.e., ±D[d) C X’(a). 
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Proof. It suffices to show that ±5n,d G ^(<i) for all n > 1 and n \ d = 
d{a) since these numbers generate D{d). Let £ be a rational prime split 
completely in k such that {i,nd) = 1. Dehne 

n(d - e HQ)- 

t\d 

Let A be a prime of k above i and L the prime of k[C,i) above A. Since 

(1 - c£)ofc(c,)= n 

(tGG 


it follows that 0 = 1 mod CP for all a £ G, hence ±€n,d = Pdn,d mod C^ for 
all a £ G. Now, we note 


N^y^\±en,d) = 11(0* - 


t\d 


7 yQ(Cri) 



fL(t)d/t 


= 

n.d 


-1 


where ai is the Frobenius automorphism for i in k. Since i splits completely 
in k, it follows that = 1 hence N^n^‘^‘\en,d) = = 1- 

Now, let g I d be a prime, let be the g-primary part of d, and let 
dq = d/qP Then 


(^n,d 


_ ArQiCne) TT 

“ li 


' 9 


(d - O’ 

- C?) 




For all t I d/q we have that 0 and are primitive t'-th roots of unity since 
{i,nd) = 1, moreover, 0 and are not equal to 1 since n f d. It follows 
that (C| — Cn) iCf’ ~ d?) are units in hence e^^d £ ^k{Ce)' 

have 


(0 - 0) ^ 

pi _ p' 


= 1 mod q 


from which it follows that 


(Cl - C)'^ 

pq _ ^tq 
Sn 


= 1 mod q^ 


whence en,d = 1 mod q^. Since q was an arbitrary divisor of d, it follows that 
en 4 = 1 mod d, hence e^^d = 1 mod o. Therefore, we have en^d £ E{£, a), as 
desired. □ 
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Now, let 

An{a) = ^{a)/p'^€{a) 

^(a) = Sylp(e:(o)) 

-^n(ci) = the ray class field over k associate to A„(o). 

F{a) = the ray class field over k associate to yl(a). 

Note that 

Gal(F„(o)/A:) ~ An{a) and Gal(F(a)//c) ~ yl(o) 

viathe Artinmap. Set A(j(a) < A„(a) such that A^(a) ~ Gal(F„(a)/(F„(a)n 
/c(Cp"))). 

Theorem 4.6. Let a : E/E^" —)■ 'Ljp^'L\G\ be a G-module map. Then 

a (C{a)E^ /E^ ) annihilates A^(o). 

Proof. The argument here is essentially the same as in [R] but with straight¬ 
forward adjustments, so we give a somewhat abbreviated version of the 
proof. Let 6 € C(o) and c G A'.^{a). Let Q = Gal (A:(Cpn)/Q) and 

r = Gal ( fc(Cp», )/A:(Cp., (ker a) Vp" )) . 

Let Q act on L by conjugation, and let 71 ,... , 7 j be a complete system of 
unique representatives of L/C/. Since F„(a) and /c(Cp’»,are linearly 
disjoint over F„(a) n k{(pn), we may choose /Ij G Gal (F„(o)/c(Cp", E^/P")/k') 
such that 

PilPnia) — f = 7i- 

By the Chebotarev Density Theorem, there exists infinitely many degree 
1 non-conjugate j-tuples of primes Ai,...,Aj C Ok such that (A*, a) = 1 
and (5i is in the conjugacy class of Frobenius automorphisms for Aj in 
Gal (F„(a)A:(Cpn, . It follows that A* G c. We let ki be the ra¬ 

tional prime below A*. Since /3i|fc(fp„) = id, it follows that (.i = l modp”. 
Now, let 4> be the natural map from EjEE' — (o/£)^ ®'Llp^'L where £ = 
Using the fact that F is saturated with Frobenius automorphisms 
for the Aj, we have that e G ker a if and only if e G kerc/). This allows us to 
consider the well-defined map 

a o 0 “^ ; im((/)) —> Z/p”Z[G] 

which we subsequently lift to a map / : (o/£)^ (D l^jp^TL (Z/p"'Z)[G] 
obtaining the following commutative diagram: 

^ (Z/p”Z)[G] 



[ojZY ^TLIp^I. 
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Now, without loss of generality, we may assume that for each i, there exists 
ei G E{^i, o) such that 

ei = 6 mod jCJ for all a ^ G, 
where Ci C is the prime above Aj. Set 

u := n 

creG 

Since the primes of o above are totally ramified in k{Cii), we have that 

{o/2)^ ~ W{o/liY - n ■ 

i=\ i=l 

This association allows us to consider (f) and / as functions defined into and 
on 

respectively. Let Ui G ) such that 

Ui = mod Ci and Ui = l mod for all a G G, a 7^ id, 
where (sj) = ^-s in Theorem 4.2. Note that 

(ttj mod ~ , 

Let 0i G (Z/p"^Z)[G] such that 

(5 mod Li)®l = {uf mod Lj) (g) 1 G (^Ok(Q,)/Li'^ 0 ■ 

Since b mod = e mod Lj, it follows that 0i is an annihilator of the cokernel 
of the map 

E{ii, 0) ^ (g) ^/p«Z • 

So 0i annihilates the class of A* in C(a)/p’^£(a) by Theorem 4.2. But A* G c, 
so 0i annihilates c. Since 

j 

a{S mod E^ ) = 0i ■ f{{ui mod Li) (g) 1 ), 

i=l 

we get 

^a{5 mod EP") ^ = 1 

i=l 

This completes the proof of the theorem. □ 

We may now give a proof of Theorem 1.3 
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Proof of Theorem 1.3. Let 001 , 002 ,..., w* be a Zp-basis for O, and let tojl',..., w 
be a basis for the co-different of O dual to ooi,... ,oot with respect to the 
Galois trace. Write 

a(e) = ^ aa{e)a~^. 

(tGG 

For every a,T £ G, we have ao-(e'^) = Oar- Let A = aid so that acr(e) = 
A{e^). We decompose ^(e) according to the Zp-basis ooi,... ,oot. 

t 

A{e) = 

i=l 

with Ai{e) G Zp. For i = 1,... ,t, define ai : E ^ Zp[G] by 

creG 

Each a* is a G-module map, moreover, we have the decomposition of a: 

t 

a(e) = '^ai{€)u}i. 
i=l 

Since Sylp(Gia) < corollary now follows from Theorem 4.6. □ 

We now prove Theorem 1.4. 

Proof of Theorem 1.4- Let t? be the G-module map defined in the previous 
section. For every a G HomG'(£', 0[G]), there exists /3 G IC[G] such that 
a = /3i? by [A]. So for every /3 G IC[G] such that j5'd{E) C 0[G], /?'d(C(a)) 
annihilates Gia O. If the ramification index of p in /c is e(p) = p^b where 
(p, 6) = 1, then we could take j3 = (see [A]). In particular, we get 

the explicit annihilation result: for every (5(j G C(a) (perhaps a d-cyclotomic 
unit for appropriate d), we have 

^^<P)-P £0[G] 

(tGG 

annihilates O. □ 

Remark 4.7. Using the proof of Theorem 1.3, we could construct explicit 
annihilators of Sylp(Gig) from the element of Theorem 1.4. 

5. Conclusion 

We remark that the results in this article, particularly Theorem 1.3 and 
Theorem 1.4, confirm a suspicion by D. Solomon regarding a stronger an¬ 
nihilation result lying beyond his [Sol] (see [Sol]). In fact, Theorem 1.2 is 
possibly indicative of even stronger results. Let 0 C 0 be a G-stable ideal, 
and let Co = {5 G C(a) : 5 = 1 mod 0 }. By Theorem 4.5, we know Ga Q Co. 
Is this containment proper? When a = 1, this question was posed by Rubin 
[R] and is still an open problem. Considering Theorems 1.2 and 1.3, we 
make the following 
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Conjecture. Ifp] 2-|G|, then the order o/Sylp(£'ci/Ca)^ equals the exponent 
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